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Double Field Theory  

O(D,D) T-duality manifest formulation of SUGRA, and beyond
[ Siegel; Tseytlin; Hull, Zwiebach, Hohm ]



Symmetries: 

• O(10,10) T-duality 

• Gauge symmetry

– DFT-diffeomorphism (generalized Lie derivative)

    = diffeomorphism + B-field gauge symmetry 

– A pair of local Lorentz symmetries :

– Local N=2 SUSY with 32 supercharges. 
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Supersymmetric Double Field Theory (SDFT) 

 N=2 D=10 SDFT unifies IIA and IIB supergravities (to the full order in fermions).
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Table 1
Index for each symmetry representation and the corresponding “metric” to raise or
lower the positions. For further details and a review on the formalism, we refer the
reader to the appendix of [37].

Index Representation Raising and lowering indices

A, B, . . . O(10,10) and L̂X vector JAB
p,q, . . . Pin(1,9) vector ηpq = diag(− + +· · ·+)

α,β, . . . Pin(1,9) spinor C+αβ , (γ p)T = C+γ pC−1
+

p̄, q̄, . . . Pin(9,1) vector η̄p̄q̄ = diag(+ − −· · ·−)

ᾱ, β̄, . . . Pin(9,1) spinor C̄+ᾱβ̄ , (γ̄ p̄)T = C̄+γ̄ p̄ C̄−1
+

• Each term in the constructed Lagrangian is manifestly and
simultaneously covariant with respect to O(10,10) T-duality,
a pair of local Lorentz groups, Spin(1,9) × Spin(9,1), and the
DFT-diffeomorphism generated by L̂X in (2).

• The supersymmetric completion is fulfilled to the full order in
fermions.

• Further, N = 2 D = 10 SDFT unifies type IIA and IIB supergrav-
ities: While the theory is unique, the solutions are twofold,
type IIA and type IIB.

Related key precedents include Refs. [26–29]. In [26,27], within
the generalized geometry setup in terms of a pair of zehnbeins
and various form-fields, the type II supergravity was reformulated
into a Spin(1,9) × Spin(9,1) covariant form (up to quadratic or-
der in fermions). In [28,29], the bosonic part of type II SDFT was
proposed which in particular put the R–R sector in an O(10,10)
spinorial representation, as in [30,31]. In our case, the R–R sector
is in a Spin(1,9) × Spin(9,1) bi-fundamental spinorial representa-
tion, e.g. ‘Cα

ᾱ ’. Table 1 summarizes our index gymnastics.

2. Field content

We postulate the fundamental fields of type II SDFT to be strictly,
from [32–37],

d, V Ap, V̄ A p̄, Cα
ᾱ, ψα

p̄ , ρα, ψ ′ ᾱ
p , ρ ′ ᾱ . (3)

We wish to stress that, for the sake of the full covariance and the
(relatively) compact way of full order supersymmetric completion,
it is crucial to set the fundamental fields to be precisely those
above. Although some of them may be parametrized in terms of
Riemannian zehnbeins and form-fields, the parametrization is not
unique, may render “non-geometric” interpretations, and will cer-
tainly becloud the whole symmetry structure listed in Table 1.

Firstly for the NS–NS sector, the DFT-dilaton, d, gives rise to a
scalar density with weight one, e−2d [10]. The DFT-vielbeins, V Ap ,
V̄ A p̄ , satisfy the following four defining properties [34,35]:

V ApV A
q = ηpq, V̄ A p̄ V̄

A
q̄ = η̄p̄q̄,

V Ap V̄ A
q̄ = 0, V ApV B

p + V̄ A p̄ V̄ B
p̄ = JAB . (4)

In particular, they generate a pair of orthogonal and complete pro-
jections,

P AB = V A
pV Bp, P̄ AB = V̄ A

p̄ V̄ B p̄, (5)

satisfying

P A
B P B

C = P A
C , P̄ A

B P̄ B
C = P̄ A

C ,

P A
B P̄ B

C = 0, P A
B + P̄ A

B = δA
B . (6)

The DFT-vielbeins, V Ap , V̄ A p̄ , are O(D, D) vectors as the in-
dex structure indicates. They are the only field variables in (3)
which are O(D, D) non-singlet. As a solution to (4), they can be

parametrized in terms of ordinary zehnbeins and B-field, in vari-
ous ways up to O(D, D) rotations and field redefinitions [37]. Yet,
in order to maintain the clear manifestation of the O(D, D) covari-
ance, it is necessary to work with the parametrization-independent
and O(D, D) covariant DFT-vielbeins, i.e. V Ap and V̄ A p̄ , rather than
the Riemannian variables, i.e. ordinary zehnbeins and B-field.

For fermions, the gravitinos and the DFT-dilatinos are not
twenty, but ten-dimensional Majorana–Weyl spinors, as in [26,27],

γ (11)ψp̄ = cψp̄, γ (11)ρ = −cρ,

γ̄ (11)ψ ′
p = c′ψ ′

p, γ̄ (11)ρ ′ = −c′ρ ′, (7)

where c and c′ are arbitrary independent two sign factors, c2 =
c′ 2 = 1. Yet, a priori all the possible four different sign choices
are equivalent up to Pin(1,9) × Pin(9,1) rotations. That is to say,
N = 2 D = 10 SDFT is chiral with respect to both Pin(1,9) and
Pin(9,1), and the theory is unique. Hence, without loss of gener-
ality, we may safely set c ≡ c′ ≡ +1. Later we shall see that, while
the theory is unique the solutions are twofold and can be identi-
fied as type IIA or IIB supergravity backgrounds.

We also have N = 2 supersymmetry parameters, ε, ε′ , which
carry the same chirality as the gravitinos, such that γ (11)ε = cε,
γ̄ (11)ε′ = c′ε′ .

Lastly for the R–R sector, we set the R–R potential, Cα
ᾱ , to be in

the bi-fundamental spinorial representation of Pin(1,9)×Pin(9,1)
[26,27,37] rather than an O(10,10) spinorial one [28,29]. It pos-
sesses the chirality,

γ (11)Cγ̄ (11) = cc′C. (8)

3. Derivatives

Another essential ingredient is so-called master semi-covariant
derivative from [35],

DA = ∂A + ΓA + ΦA + Φ̄A, (9)

which contains generically three kinds of connections: ΓA for the
DFT-diffeomorphism or the generalized Lie derivative (2), ΦA for
Spin(1,9) and Φ̄A for Spin(9,1) local Lorentz symmetries. Con-
tracted with the projections (6) or the DFT-vielbeins properly, it
can produce various fully covariant derivatives, and hence the
name, ‘semi-covariant’ [34,35,37].

By definition, the master derivative (9) is required to be com-
patible with all the constants in Table 1 (“metrics” and gamma
matrices), and further to annihilate the whole NS–NS sector,

DAd = 0, DAV Bp = 0, DA V̄ A p̄ = 0. (10)

The connections are then related to each other through

ΦApq = V B
p∇AV Bq, Φ̄Ap̄q̄ = V̄ B

p̄∇A V̄ Bq̄,

ΓABC = V B
pDAVCp + V̄ B

p̄ D A V̄ C p̄, (11)

where we put ∇A = ∂A + ΓA and DA = ∂A + ΦA + Φ̄A .
Especially, as the DFT analogy of the Riemannian–Christoffel

connection, the torsionless connection, Γ 0
A , can be uniquely singled

out [34,37] (cf. [38]):

Γ 0
C AB = 2(P∂C P P̄ )[AB] + 2

(
P̄ [A D P̄ B]E − P [A D P B]E

)
∂D P EC

− 4
9

(
P̄ C[A P̄ B]D + PC[A P B]D

)(
∂Dd +

(
P∂ E P P̄

)
[ED]

)
,

(12)

such that a generic torsionful DFT-diffeomorphism connection as-
sumes the following general form:

 It is crucial to identify the ‘correct‘ field variables. 

Spin(1, D�1)L ⇥ Spin(D�1, 1)R chiralities:

�(D+1) p̄ = c p̄ , �(D+1)⇢ = �c ⇢ ,

�̄(D+1) 0
p = c0 0

p , �̄(D+1)⇢0 = �c0⇢0 ,

�(D+1)C�̄(D+1) = cc0 C .

A priori all the possible four different sign choices are equivalent up to
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That is to say, N = 2 D = 10 SDFT is chiral with respect to both Pin(1, D�1)L and
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c ⌘ c0 ⌘ +1 .

Later we shall see that, while the theory is unique the solutions are twofold and can be
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Field contents of N=2 D=10 SDFT
Field contents of Type II SDFT

Bosons

NS-NS sector

8
>><

>>:

DFT-dilaton: d

DFT-vielbeins: VAp , V̄Ap̄

R-R potential: C�
�̄

Fermions

DFT-dilatinos: �� , �⇤�̄

Gravitinos: ⇥�
p̄ , ⇥⇤�̄

p

Index Representation Metric (raising/lowering indices)

A, B, · · · O(D, D) & DFT-diffeom. vector JAB

p, q, · · · Spin(1, D�1)L vector ⌅pq = diag(� + + · · ·+)

�, ⇥, · · · Spin(1, D�1)L spinor C+�⇥ , (⇤p)T = C+⇤pC�1
+

p̄, q̄, · · · Spin(D�1, 1)R vector ⌅̄p̄q̄ = diag(+ �� · · · �)

�̄, ⇥̄, · · · Spin(D�1, 1)R spinor C̄+�̄⇥̄ , (⇤̄p̄)T = C̄+⇤̄p̄ C̄�1
+
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ΓC AB = Γ 0
C AB + "C[pq]V A

pV B
q + "̄C[p̄q̄] V̄ A

p̄ V̄ B
q̄, (13)

where "C[pq] and "̄C[p̄q̄] correspond to torsions. Explicitly we shall
employ four different kinds of torsions: (21) for the curvature, (22)
for the fermionic kinetic terms, (23) for the supersymmetry, and
(29) for the equations of motion.

The R–R field strength, Fα
ᾱ , is defined from [37],

F :=D0
+C, (14)

where D0
+ corresponds to one of the two fully covariant and nilpo-

tent differential operators, D0
± , which are set by the torsionless

connection (12), and may act on an arbitrary Pin(1,9) × Pin(9,1)
bi-fundamental field, T α

β̄ :

D0
±T := γ pD0

pT ± γ (11)D0
p̄T γ̄ p̄,

(
D0

±
)2T " 0, (15)

where we put1 D0
p = V A

pD0
A and D0

p̄ = V̄ A
p̄D0

A .

4. Curvature

The final ingredient we shall employ is the semi-covariant DFT-
curvature, S ABCD , from [34],

S ABCD := 1
2

(
RABCD + RCDAB − Γ E

ABΓECD
)
, (16)

which is defined through the standard (yet never-covariant) field
strength of the DFT-diffeomorphism connection (13),

RCDAB = ∂AΓBCD − ∂BΓACD + ΓAC
EΓBED − ΓBC

EΓAED . (17)

Again, with the help of the projections, it can produce fully covari-
ant curvatures, such as Ricci (28) and scalar,

(
P AB PCD − P̄ AB P̄ CD)

S AC BD . (18)

5. The Lagrangian and supersymmetry

The Lagrangian of N = 2 D = 10 SDFT we construct in this
work is the following,

LType II = e−2d
[
1
8

(
P AB PCD − P̄ AB P̄ CD)

S ACBD + 1
2
Tr(FF̄)

− iρ̄Fρ ′ + iψ̄p̄γqF γ̄ p̄ψ ′ q + i
1
2
ρ̄γ pD)

pρ − iψ̄ p̄D)
p̄ρ

− i
1
2
ψ̄ p̄γ qD)

qψp̄ − i
1
2
ρ̄ ′γ̄ p̄D′ )

p̄ ρ ′ + iψ̄ ′ pD′ )
p ρ ′

+ i
1
2
ψ̄ ′ p γ̄ q̄D′ )

q̄ ψ ′
p

]
. (19)

As they are contracted with the DFT-vielbeins properly, each term
in the Lagrangian is fully covariant with respect to O(10,10) T-
duality, Spin(1,9) × Spin(9,1) local Lorentz symmetry and the
DFT-diffeomorphism. With the charge conjugation of the R–R field
strength, F̄ = C̄−1

+ F T C+ , the trace, Tr(FF̄) in (19) is over the
Spin(1,9) spinorial indices.

1 Strictly speaking, due to the presence of γ (11) in (15), the R–R field strength,
F = D0

+C, is covariant—up to the flipping of the chirality—with respect to, not
Pin(1,9) × Pin(9,1) but Spin(1,9) × Pin(9,1). For the opposite equivalent choice,
see Eq. (2.25) in [37].

The N = 2 supersymmetry transformation rules are

δεd = −i
1
2

(
ε̄ρ + ε̄′ρ ′),

δεV Ap = i V̄ A
q̄(ε̄′γ̄q̄ψ

′
p − ε̄γpψq̄

)
,

δε V̄ A p̄ = iV A
q(ε̄γqψp̄ − ε̄′γ̄p̄ψ

′
q
)
,

δεC = i
1
2

(
γ pεψ̄ ′

p − ερ̄ ′ − ψp̄ ε̄
′γ̄ p̄ + ρε̄′) + Cδεd

− 1
2

(
V̄ A

q̄δεV Ap
)
γ (d+1)γ pCγ̄ q̄,

δερ = −γ pD̂pε + i
1
2
γ pεψ̄ ′

pρ
′ − iγ pψ q̄ε̄′γ̄q̄ψ

′
p,

δερ
′ = −γ̄ p̄D̂′

p̄ε
′ + i

1
2
γ̄ p̄ε′ψ̄p̄ρ − iγ̄ q̄ψ ′

p ε̄γ
pψq̄,

δεψp̄ = D̂p̄ε +
(
F − i

1
2
γ qρψ̄ ′

q + i
1
2
ψ q̄ρ̄ ′γ̄q̄

)
γ̄p̄ε

′ + i
1
4
εψ̄p̄ρ

+ i
1
2
ψp̄ ε̄ρ,

δεψ
′
p = D̂′

pε
′ +

(
F̄ − i

1
2
γ̄ q̄ρ ′ψ̄q̄ + i

1
2
ψ ′ qρ̄γq

)
γpε + i

1
4
ε′ψ̄ ′

pρ
′

+ i
1
2
ψ ′

p ε̄
′ρ ′. (20)

6. Torsions

Presenting our main results above, (19) and (20), we have or-
ganized all the higher order fermionic terms into various torsions.
Firstly, with (16), the DFT-curvature, S ABCD , in the Lagrangian is
given by the connection,

ΓABC = Γ 0
ABC + i

1
3
ρ̄γABCρ − 2iρ̄γBCψA − i

1
3
ψ̄ p̄γABCψp̄

+ 4iψ̄BγAψC + i
1
3
ρ̄ ′γ̄ABCρ

′ − 2iρ̄ ′γ̄BCψ ′
A

− i
1
3
ψ̄ ′ p γ̄ABCψ ′

p + 4iψ̄ ′
B γ̄Aψ ′

C . (21)

Secondly, the master derivatives in the fermionic kinetic terms are
twofold: D)

A for the unprimed fermions and D′ )
A for the primed

fermions. They are set by the following twin connections,

Γ )
ABC = ΓABC − i

11
96

ρ̄γABCρ + i
5
4
ρ̄γBCψA + i

5
24

ψ̄ p̄γABCψp̄

− 2iψ̄BγAψC + i
5
2
ρ̄ ′γ̄BCψ ′

A,

Γ ′ )
ABC = ΓABC − i

11
96

ρ̄ ′γ̄ABCρ
′ + i

5
4
ρ̄ ′γ̄BCψ ′

A

+ i
5
24

ψ̄ ′ p γ̄ABCψ ′
p − 2iψ̄ ′

B γ̄Aψ ′
C + i

5
2
ρ̄γBCψA . (22)

Similarly, for the supersymmetry transformations (20), we take

Γ̂ABC = ΓABC − i
17
48

ρ̄γABCρ + i
5
2
ρ̄γBCψA + i

1
4
ψ̄ p̄γABCψp̄

− 3iψ̄ ′
B γ̄Aψ ′

C ,

Γ̂ ′
ABC = ΓABC − i

17
48

ρ̄ ′γ̄ABCρ
′ + i

5
2
ρ̄ ′γ̄BCψ ′

A + i
1
4
ψ̄ ′ pγ̄ABCψ ′

p

− 3iψ̄BγAψC . (23)

The connection, ΓABC given in (21) and also appearing in (22),
(23), has been fixed by requiring the 1.5 formalism to work, see
(25). The additional parts of the connections in (22) and (23)

(Majorana-Weyl)
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q + "̄C[p̄q̄] V̄ A

p̄ V̄ B
q̄, (13)

where "C[pq] and "̄C[p̄q̄] correspond to torsions. Explicitly we shall
employ four different kinds of torsions: (21) for the curvature, (22)
for the fermionic kinetic terms, (23) for the supersymmetry, and
(29) for the equations of motion.

The R–R field strength, Fα
ᾱ , is defined from [37],

F :=D0
+C, (14)

where D0
+ corresponds to one of the two fully covariant and nilpo-

tent differential operators, D0
± , which are set by the torsionless

connection (12), and may act on an arbitrary Pin(1,9) × Pin(9,1)
bi-fundamental field, T α

β̄ :

D0
±T := γ pD0

pT ± γ (11)D0
p̄T γ̄ p̄,

(
D0

±
)2T " 0, (15)

where we put1 D0
p = V A

pD0
A and D0

p̄ = V̄ A
p̄D0

A .

4. Curvature

The final ingredient we shall employ is the semi-covariant DFT-
curvature, S ABCD , from [34],

S ABCD := 1
2

(
RABCD + RCDAB − Γ E

ABΓECD
)
, (16)

which is defined through the standard (yet never-covariant) field
strength of the DFT-diffeomorphism connection (13),

RCDAB = ∂AΓBCD − ∂BΓACD + ΓAC
EΓBED − ΓBC

EΓAED . (17)

Again, with the help of the projections, it can produce fully covari-
ant curvatures, such as Ricci (28) and scalar,

(
P AB PCD − P̄ AB P̄ CD)

S AC BD . (18)

5. The Lagrangian and supersymmetry

The Lagrangian of N = 2 D = 10 SDFT we construct in this
work is the following,

LType II = e−2d
[
1
8

(
P AB PCD − P̄ AB P̄ CD)

S ACBD + 1
2
Tr(FF̄)

− iρ̄Fρ ′ + iψ̄p̄γqF γ̄ p̄ψ ′ q + i
1
2
ρ̄γ pD)

pρ − iψ̄ p̄D)
p̄ρ

− i
1
2
ψ̄ p̄γ qD)

qψp̄ − i
1
2
ρ̄ ′γ̄ p̄D′ )

p̄ ρ ′ + iψ̄ ′ pD′ )
p ρ ′

+ i
1
2
ψ̄ ′ p γ̄ q̄D′ )

q̄ ψ ′
p

]
. (19)

As they are contracted with the DFT-vielbeins properly, each term
in the Lagrangian is fully covariant with respect to O(10,10) T-
duality, Spin(1,9) × Spin(9,1) local Lorentz symmetry and the
DFT-diffeomorphism. With the charge conjugation of the R–R field
strength, F̄ = C̄−1

+ F T C+ , the trace, Tr(FF̄) in (19) is over the
Spin(1,9) spinorial indices.

1 Strictly speaking, due to the presence of γ (11) in (15), the R–R field strength,
F = D0

+C, is covariant—up to the flipping of the chirality—with respect to, not
Pin(1,9) × Pin(9,1) but Spin(1,9) × Pin(9,1). For the opposite equivalent choice,
see Eq. (2.25) in [37].

The N = 2 supersymmetry transformation rules are

δεd = −i
1
2

(
ε̄ρ + ε̄′ρ ′),

δεV Ap = i V̄ A
q̄(ε̄′γ̄q̄ψ

′
p − ε̄γpψq̄

)
,

δε V̄ A p̄ = iV A
q(ε̄γqψp̄ − ε̄′γ̄p̄ψ

′
q
)
,

δεC = i
1
2

(
γ pεψ̄ ′

p − ερ̄ ′ − ψp̄ ε̄
′γ̄ p̄ + ρε̄′) + Cδεd

− 1
2

(
V̄ A

q̄δεV Ap
)
γ (d+1)γ pCγ̄ q̄,

δερ = −γ pD̂pε + i
1
2
γ pεψ̄ ′

pρ
′ − iγ pψ q̄ε̄′γ̄q̄ψ

′
p,

δερ
′ = −γ̄ p̄D̂′

p̄ε
′ + i

1
2
γ̄ p̄ε′ψ̄p̄ρ − iγ̄ q̄ψ ′

p ε̄γ
pψq̄,

δεψp̄ = D̂p̄ε +
(
F − i

1
2
γ qρψ̄ ′

q + i
1
2
ψ q̄ρ̄ ′γ̄q̄

)
γ̄p̄ε

′ + i
1
4
εψ̄p̄ρ

+ i
1
2
ψp̄ ε̄ρ,

δεψ
′
p = D̂′

pε
′ +

(
F̄ − i

1
2
γ̄ q̄ρ ′ψ̄q̄ + i

1
2
ψ ′ qρ̄γq

)
γpε + i

1
4
ε′ψ̄ ′

pρ
′

+ i
1
2
ψ ′

p ε̄
′ρ ′. (20)

6. Torsions

Presenting our main results above, (19) and (20), we have or-
ganized all the higher order fermionic terms into various torsions.
Firstly, with (16), the DFT-curvature, S ABCD , in the Lagrangian is
given by the connection,

ΓABC = Γ 0
ABC + i

1
3
ρ̄γABCρ − 2iρ̄γBCψA − i

1
3
ψ̄ p̄γABCψp̄

+ 4iψ̄BγAψC + i
1
3
ρ̄ ′γ̄ABCρ

′ − 2iρ̄ ′γ̄BCψ ′
A

− i
1
3
ψ̄ ′ p γ̄ABCψ ′

p + 4iψ̄ ′
B γ̄Aψ ′

C . (21)

Secondly, the master derivatives in the fermionic kinetic terms are
twofold: D)

A for the unprimed fermions and D′ )
A for the primed

fermions. They are set by the following twin connections,

Γ )
ABC = ΓABC − i

11
96

ρ̄γABCρ + i
5
4
ρ̄γBCψA + i

5
24

ψ̄ p̄γABCψp̄

− 2iψ̄BγAψC + i
5
2
ρ̄ ′γ̄BCψ ′

A,

Γ ′ )
ABC = ΓABC − i

11
96

ρ̄ ′γ̄ABCρ
′ + i

5
4
ρ̄ ′γ̄BCψ ′

A

+ i
5
24

ψ̄ ′ p γ̄ABCψ ′
p − 2iψ̄ ′

B γ̄Aψ ′
C + i

5
2
ρ̄γBCψA . (22)

Similarly, for the supersymmetry transformations (20), we take

Γ̂ABC = ΓABC − i
17
48

ρ̄γABCρ + i
5
2
ρ̄γBCψA + i

1
4
ψ̄ p̄γABCψp̄

− 3iψ̄ ′
B γ̄Aψ ′

C ,

Γ̂ ′
ABC = ΓABC − i

17
48

ρ̄ ′γ̄ABCρ
′ + i

5
2
ρ̄ ′γ̄BCψ ′

A + i
1
4
ψ̄ ′ pγ̄ABCψ ′

p

− 3iψ̄BγAψC . (23)

The connection, ΓABC given in (21) and also appearing in (22),
(23), has been fixed by requiring the 1.5 formalism to work, see
(25). The additional parts of the connections in (22) and (23)

(Majorana-Weyl)

geometric variablesSpin(1, D�1)L ⇥ Spin(D�1, 1)R chiralities:

�(D+1) p̄ = c p̄ , �(D+1)⇢ = �c ⇢ ,

�̄(D+1) 0
p = c0 0

p , �̄(D+1)⇢0 = �c0⇢0 ,

�(D+1)C�̄(D+1) = cc0 C .

A priori all the possible four different sign choices are equivalent up to
Pin(1, D�1)L ⇥ Pin(D�1, 1)R rotations.

That is to say, N = 2 D = 10 SDFT is chiral with respect to both Pin(1, D�1)L and
Pin(D�1, 1)R , and the theory is unique, unlike IIA/IIB SUGRAs.

Hence, without loss of generality, we may safely set

c ⌘ c0 ⌘ +1 .

Later we shall see that, while the theory is unique the solutions are twofold and can be
identified as type IIA or IIB supergravity backgrounds.
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• For each of the DFT gauge symmetry,  we introduce a corresponding connection 
     and set “semi-covariant derivative’’ :

     which is compatibile with the whole NS-NS sector,

• We can determine the torsionless connection, uniquely,

where,                                                     . 

• Combined with the projections,  it can be fully covariantized.
 
                            ex)                                  etc.

8

Covariant Derivatives
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Table 1
Index for each symmetry representation and the corresponding “metric” to raise or
lower the positions. For further details and a review on the formalism, we refer the
reader to the appendix of [37].

Index Representation Raising and lowering indices

A, B, . . . O(10,10) and L̂X vector JAB
p,q, . . . Pin(1,9) vector ηpq = diag(− + +· · ·+)

α,β, . . . Pin(1,9) spinor C+αβ , (γ p)T = C+γ pC−1
+

p̄, q̄, . . . Pin(9,1) vector η̄p̄q̄ = diag(+ − −· · ·−)

ᾱ, β̄, . . . Pin(9,1) spinor C̄+ᾱβ̄ , (γ̄ p̄)T = C̄+γ̄ p̄ C̄−1
+

• Each term in the constructed Lagrangian is manifestly and
simultaneously covariant with respect to O(10,10) T-duality,
a pair of local Lorentz groups, Spin(1,9) × Spin(9,1), and the
DFT-diffeomorphism generated by L̂X in (2).

• The supersymmetric completion is fulfilled to the full order in
fermions.

• Further, N = 2 D = 10 SDFT unifies type IIA and IIB supergrav-
ities: While the theory is unique, the solutions are twofold,
type IIA and type IIB.

Related key precedents include Refs. [26–29]. In [26,27], within
the generalized geometry setup in terms of a pair of zehnbeins
and various form-fields, the type II supergravity was reformulated
into a Spin(1,9) × Spin(9,1) covariant form (up to quadratic or-
der in fermions). In [28,29], the bosonic part of type II SDFT was
proposed which in particular put the R–R sector in an O(10,10)
spinorial representation, as in [30,31]. In our case, the R–R sector
is in a Spin(1,9) × Spin(9,1) bi-fundamental spinorial representa-
tion, e.g. ‘Cα

ᾱ ’. Table 1 summarizes our index gymnastics.

2. Field content

We postulate the fundamental fields of type II SDFT to be strictly,
from [32–37],

d, V Ap, V̄ A p̄, Cα
ᾱ, ψα

p̄ , ρα, ψ ′ ᾱ
p , ρ ′ ᾱ . (3)

We wish to stress that, for the sake of the full covariance and the
(relatively) compact way of full order supersymmetric completion,
it is crucial to set the fundamental fields to be precisely those
above. Although some of them may be parametrized in terms of
Riemannian zehnbeins and form-fields, the parametrization is not
unique, may render “non-geometric” interpretations, and will cer-
tainly becloud the whole symmetry structure listed in Table 1.

Firstly for the NS–NS sector, the DFT-dilaton, d, gives rise to a
scalar density with weight one, e−2d [10]. The DFT-vielbeins, V Ap ,
V̄ A p̄ , satisfy the following four defining properties [34,35]:

V ApV A
q = ηpq, V̄ A p̄ V̄

A
q̄ = η̄p̄q̄,

V Ap V̄ A
q̄ = 0, V ApV B

p + V̄ A p̄ V̄ B
p̄ = JAB . (4)

In particular, they generate a pair of orthogonal and complete pro-
jections,

P AB = V A
pV Bp, P̄ AB = V̄ A

p̄ V̄ B p̄, (5)

satisfying

P A
B P B

C = P A
C , P̄ A

B P̄ B
C = P̄ A

C ,

P A
B P̄ B

C = 0, P A
B + P̄ A

B = δA
B . (6)

The DFT-vielbeins, V Ap , V̄ A p̄ , are O(D, D) vectors as the in-
dex structure indicates. They are the only field variables in (3)
which are O(D, D) non-singlet. As a solution to (4), they can be

parametrized in terms of ordinary zehnbeins and B-field, in vari-
ous ways up to O(D, D) rotations and field redefinitions [37]. Yet,
in order to maintain the clear manifestation of the O(D, D) covari-
ance, it is necessary to work with the parametrization-independent
and O(D, D) covariant DFT-vielbeins, i.e. V Ap and V̄ A p̄ , rather than
the Riemannian variables, i.e. ordinary zehnbeins and B-field.

For fermions, the gravitinos and the DFT-dilatinos are not
twenty, but ten-dimensional Majorana–Weyl spinors, as in [26,27],

γ (11)ψp̄ = cψp̄, γ (11)ρ = −cρ,

γ̄ (11)ψ ′
p = c′ψ ′

p, γ̄ (11)ρ ′ = −c′ρ ′, (7)

where c and c′ are arbitrary independent two sign factors, c2 =
c′ 2 = 1. Yet, a priori all the possible four different sign choices
are equivalent up to Pin(1,9) × Pin(9,1) rotations. That is to say,
N = 2 D = 10 SDFT is chiral with respect to both Pin(1,9) and
Pin(9,1), and the theory is unique. Hence, without loss of gener-
ality, we may safely set c ≡ c′ ≡ +1. Later we shall see that, while
the theory is unique the solutions are twofold and can be identi-
fied as type IIA or IIB supergravity backgrounds.

We also have N = 2 supersymmetry parameters, ε, ε′ , which
carry the same chirality as the gravitinos, such that γ (11)ε = cε,
γ̄ (11)ε′ = c′ε′ .

Lastly for the R–R sector, we set the R–R potential, Cα
ᾱ , to be in

the bi-fundamental spinorial representation of Pin(1,9)×Pin(9,1)
[26,27,37] rather than an O(10,10) spinorial one [28,29]. It pos-
sesses the chirality,

γ (11)Cγ̄ (11) = cc′C. (8)

3. Derivatives

Another essential ingredient is so-called master semi-covariant
derivative from [35],

DA = ∂A + ΓA + ΦA + Φ̄A, (9)

which contains generically three kinds of connections: ΓA for the
DFT-diffeomorphism or the generalized Lie derivative (2), ΦA for
Spin(1,9) and Φ̄A for Spin(9,1) local Lorentz symmetries. Con-
tracted with the projections (6) or the DFT-vielbeins properly, it
can produce various fully covariant derivatives, and hence the
name, ‘semi-covariant’ [34,35,37].

By definition, the master derivative (9) is required to be com-
patible with all the constants in Table 1 (“metrics” and gamma
matrices), and further to annihilate the whole NS–NS sector,

DAd = 0, DAV Bp = 0, DA V̄ A p̄ = 0. (10)

The connections are then related to each other through

ΦApq = V B
p∇AV Bq, Φ̄Ap̄q̄ = V̄ B

p̄∇A V̄ Bq̄,

ΓABC = V B
pDAVCp + V̄ B

p̄ D A V̄ C p̄, (11)

where we put ∇A = ∂A + ΓA and DA = ∂A + ΦA + Φ̄A .
Especially, as the DFT analogy of the Riemannian–Christoffel

connection, the torsionless connection, Γ 0
A , can be uniquely singled

out [34,37] (cf. [38]):

Γ 0
C AB = 2(P∂C P P̄ )[AB] + 2

(
P̄ [A D P̄ B]E − P [A D P B]E

)
∂D P EC

− 4
9

(
P̄ C[A P̄ B]D + PC[A P B]D

)(
∂Dd +

(
P∂ E P P̄

)
[ED]

)
,

(12)

such that a generic torsionful DFT-diffeomorphism connection as-
sumes the following general form:

PA
C P̄B

DDCTD , PABDATB

The DFT-vielbeins generate a pair of rank-two projectors,

PAB := VA
pVBp , PA

BPB
C = PA

C , P̄AB := V̄A
p̄V̄Bp̄ , P̄A

BP̄B
C = P̄A

C ,

which are symmetric, orthogonal and complementary to each other,

PAB = PBA , P̄AB = P̄BA , PA
BP̄B

C = 0 , PA
B + P̄A

B = �A
B .

It follows

PA
BVBp = VAp , P̄A

BV̄Bp̄ = V̄Ap̄ , P̄A
BVBp = 0 , PA

BV̄Bp̄ = 0 .
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Type II N = 2 D = 10 SDFT [ 1210.5078 ]

Lagrangian :

LType II = e−2d
h

1
8 (PABPCD − P̄ABP̄CD)SACBD + 1

2Tr(FF̄) − i ρ̄Fρ′ + iψ̄p̄γqF γ̄p̄ψ′q

+i 12 ρ̄γpD!
pρ − iψ̄p̄D!

p̄ρ − i 12 ψ̄p̄γqD!
qψp̄ − i 12 ρ̄′γ̄p̄D′!

p̄ ρ′ + iψ̄′pD′!
p ρ′ + i 12 ψ̄′pγ̄q̄D′!

q̄ ψ′p
i

.

The Lagrangian is pseudo : It is necessary to impose a self-duality of the R-R field

strength by hand,

F̃− :=
“

1− γ(D+1)
” “

F − i 12ρρ̄′ + i 12γpψq̄ψ̄
′
p γ̄

q̄
”

≡ 0 .
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• We define R-R field strength 

      where        is a covariant nilpotent operator,              , 

9

R-R field strength

Curvature

• Define the semi-covariant DFT-curvature,

• With the help of projections, it can produce fully covariant curvatures,

SABCD :=
1
2
(RABCD + RCDAB � �E

AB�ECD)

(PABPCD � P̄ABP̄CD)SACBD

F := D+C = �ADAC + �(11)DAC�̄A

corresponding to twisted K-theory O(D,D) covariant exterior derivative. 



N=2 D=10 SDFT (full order completion )

Type II N = 2 D = 10 SDFT [ 1210.5078 ]

Lagrangian :

LType II = e�2d
h

1
8 (PABPCD � P̄ABP̄CD)SACBD + 1

2 Tr(FF̄)� i ⇥̄F⇥⇥ + i⇤̄p̄�qF �̄p̄⇤⇥q

+i 1
2 ⇥̄�pD⇥

p ⇥� i⇤̄p̄D⇥
p̄ ⇥� i 1

2 ⇤̄p̄�qD⇥
q ⇤p̄ � i 1

2 ⇥̄⇥�̄p̄D⇥⇥
p̄ ⇥⇥ + i⇤̄⇥pD⇥⇥

p ⇥⇥ + i 1
2 ⇤̄⇥p �̄q̄D⇥⇥

q̄ ⇤⇥p
i

.

where F̄ �̄
� denotes the charge conjugation, F̄ := C̄�1

+ FT C+.

As they are contracted with the DFT-vielbeins properly,
every term in the Lagrangian is fully covariant.
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 Higher order fermions are inside torsions.

 The usual 1.5 formalism works.

 The Lagrangian is pseudo: we impose self-duality relation:

Type II N = 2 D = 10 SDFT [ 1210.5078 ]

Lagrangian :
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h

1
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q̄ ψ′p
i

.

The Lagrangian is pseudo : It is necessary to impose a self-duality of the R-R field

strength by hand,

F̃− :=
“

1− γ(D+1)
” “

F − i 12ρρ̄′ + i 12γpψq̄ψ̄
′
p γ̄

q̄
”

≡ 0 .
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N=2 D=10 SDFT (full order completion )

Type II N = 2 D = 10 SDFT [ 1210.5078 ]

Lagrangian :
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p ⇥� i⇤̄p̄D⇥
p̄ ⇥� i 1

2 ⇤̄p̄�qD⇥
q ⇤p̄ � i 1

2 ⇥̄⇥�̄p̄D⇥⇥
p̄ ⇥⇥ + i⇤̄⇥pD⇥⇥

p ⇥⇥ + i 1
2 ⇤̄⇥p �̄q̄D⇥⇥

q̄ ⇤⇥p
i

.

where F̄ �̄
� denotes the charge conjugation, F̄ := C̄�1

+ FT C+.

As they are contracted with the DFT-vielbeins properly,
every term in the Lagrangian is fully covariant.
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 Higher order fermions are inside torsions.

 The usual 1.5 formalism works.

 The Lagrangian is pseudo: we impose self-duality relation:

NS-NS sector geometrized RR- field strength

fermionic kinetic terms
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Jeong-Hyuck Park Unification of type IIA and IIB SUGRAs under N = 2 D = 10 SDFT



The Lagrangian and Supersymmetry

The Lagrangian of N = 2 D = 10 SDFT we construct in this work is the following,

LType II = e�2d
�

1
8(PABPCD � P̄ABP̄CD)SACBD + 1

2Tr(FF̄)� i⇤̄F⇤⇥ + i⌅̄p̄�qF �̄p̄⌅⇥q

+i1
2 ⇤̄�pD⇥

p⇤� i⌅̄p̄D⇥
p̄⇤� i1

2 ⌅̄p̄�qD⇥
q⌅p̄ � i1

2 ⇤̄⇥�̄p̄D⇥⇥
p̄ ⇤⇥ + i⌅̄⇥pD⇥⇥

p ⇤⇥ + i1
2 ⌅̄⇥p�̄ q̄D⇥⇥

q̄ ⌅⇥
p

⇥
.

(19)
As they are contracted with the DFT-vielbeins properly, each term in the Lagrangian is fully covari-
ant with respect to O(10, 10) T-duality, Spin(1, 9)⇥ Spin(9, 1) local Lorentz symmetry and the DFT-
diffeomorphism. With the charge conjugation of the R-R field strength, F̄ = C̄�1

+ FT C+, the trace,
Tr(FF̄) in (19) is over the Spin(1, 9) spinorial indices.

The N = 2 supersymmetry transformation rules are

⇥�d = �i1
2(⇧̄⇤ + ⇧̄⇥⇤⇥) ,

⇥�VAp = iV̄A
q̄(⇧̄⇥�̄q̄⌅⇥

p � ⇧̄�p⌅q̄) ,

⇥�V̄Ap̄ = iVA
q(⇧̄�q⌅p̄ � ⇧̄⇥�̄p̄⌅⇥

q) ,

⇥�C = i1
2(�p⇧⌅̄⇥

p � ⇧⇤̄⇥ � ⌅p̄⇧̄⇥�̄p̄ + ⇤⇧̄⇥) + C⇥�d� 1
2(V̄ A

q̄ ⇥�VAp)�(d+1)�pC�̄ q̄ ,

⇥�⇤ = ��pD̂p⇧ + i1
2�p⇧ ⌅̄⇥

p⇤
⇥ � i�p⌅q̄ ⇧̄⇥�̄q̄⌅⇥

p ,

⇥�⇤⇥ = ��̄p̄D̂⇥
p̄⇧

⇥ + i1
2 �̄p̄⇧⇥ ⌅̄p̄⇤� i�̄ q̄⌅⇥

p⇧̄�
p⌅q̄ ,

⇥�⌅p̄ = D̂p̄⇧ + (F � i1
2�q⇤ ⌅̄⇥

q + i1
2⌅q̄ ⇤̄⇥�̄q̄)�̄p̄⇧⇥ + i1

4⇧⌅̄p̄⇤ + i1
2⌅p̄⇧̄⇤ ,

⇥�⌅⇥
p = D̂⇥

p⇧
⇥ + (F̄ � i1

2 �̄ q̄⇤⇥⌅̄q̄ + i1
2⌅⇥q⇤̄�q)�p⇧ + i1

4⇧⇥⌅̄⇥
p⇤

⇥ + i1
2⌅⇥

p⇧̄
⇥⇤⇥ .

(20)

6

N=2 Local SUSY (full order completion )
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 Thanks to the pair of local Lorentz symmetries,                                          , there is no 

distinction of IIA and IIB:

While the theory is unique, one can show that solutions are twofold: 

IIA and IIB solutions

Thank you.

Author's personal copy
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Table 1
Index for each symmetry representation and the corresponding “metric” to raise or
lower the positions. For further details and a review on the formalism, we refer the
reader to the appendix of [37].

Index Representation Raising and lowering indices

A, B, . . . O(10,10) and L̂X vector JAB
p,q, . . . Pin(1,9) vector ηpq = diag(− + +· · ·+)

α,β, . . . Pin(1,9) spinor C+αβ , (γ p)T = C+γ pC−1
+

p̄, q̄, . . . Pin(9,1) vector η̄p̄q̄ = diag(+ − −· · ·−)

ᾱ, β̄, . . . Pin(9,1) spinor C̄+ᾱβ̄ , (γ̄ p̄)T = C̄+γ̄ p̄ C̄−1
+

• Each term in the constructed Lagrangian is manifestly and
simultaneously covariant with respect to O(10,10) T-duality,
a pair of local Lorentz groups, Spin(1,9) × Spin(9,1), and the
DFT-diffeomorphism generated by L̂X in (2).

• The supersymmetric completion is fulfilled to the full order in
fermions.

• Further, N = 2 D = 10 SDFT unifies type IIA and IIB supergrav-
ities: While the theory is unique, the solutions are twofold,
type IIA and type IIB.

Related key precedents include Refs. [26–29]. In [26,27], within
the generalized geometry setup in terms of a pair of zehnbeins
and various form-fields, the type II supergravity was reformulated
into a Spin(1,9) × Spin(9,1) covariant form (up to quadratic or-
der in fermions). In [28,29], the bosonic part of type II SDFT was
proposed which in particular put the R–R sector in an O(10,10)
spinorial representation, as in [30,31]. In our case, the R–R sector
is in a Spin(1,9) × Spin(9,1) bi-fundamental spinorial representa-
tion, e.g. ‘Cα

ᾱ ’. Table 1 summarizes our index gymnastics.

2. Field content

We postulate the fundamental fields of type II SDFT to be strictly,
from [32–37],

d, V Ap, V̄ A p̄, Cα
ᾱ, ψα

p̄ , ρα, ψ ′ ᾱ
p , ρ ′ ᾱ . (3)

We wish to stress that, for the sake of the full covariance and the
(relatively) compact way of full order supersymmetric completion,
it is crucial to set the fundamental fields to be precisely those
above. Although some of them may be parametrized in terms of
Riemannian zehnbeins and form-fields, the parametrization is not
unique, may render “non-geometric” interpretations, and will cer-
tainly becloud the whole symmetry structure listed in Table 1.

Firstly for the NS–NS sector, the DFT-dilaton, d, gives rise to a
scalar density with weight one, e−2d [10]. The DFT-vielbeins, V Ap ,
V̄ A p̄ , satisfy the following four defining properties [34,35]:

V ApV A
q = ηpq, V̄ A p̄ V̄

A
q̄ = η̄p̄q̄,

V Ap V̄ A
q̄ = 0, V ApV B

p + V̄ A p̄ V̄ B
p̄ = JAB . (4)

In particular, they generate a pair of orthogonal and complete pro-
jections,

P AB = V A
pV Bp, P̄ AB = V̄ A

p̄ V̄ B p̄, (5)

satisfying

P A
B P B

C = P A
C , P̄ A

B P̄ B
C = P̄ A

C ,

P A
B P̄ B

C = 0, P A
B + P̄ A

B = δA
B . (6)

The DFT-vielbeins, V Ap , V̄ A p̄ , are O(D, D) vectors as the in-
dex structure indicates. They are the only field variables in (3)
which are O(D, D) non-singlet. As a solution to (4), they can be

parametrized in terms of ordinary zehnbeins and B-field, in vari-
ous ways up to O(D, D) rotations and field redefinitions [37]. Yet,
in order to maintain the clear manifestation of the O(D, D) covari-
ance, it is necessary to work with the parametrization-independent
and O(D, D) covariant DFT-vielbeins, i.e. V Ap and V̄ A p̄ , rather than
the Riemannian variables, i.e. ordinary zehnbeins and B-field.

For fermions, the gravitinos and the DFT-dilatinos are not
twenty, but ten-dimensional Majorana–Weyl spinors, as in [26,27],

γ (11)ψp̄ = cψp̄, γ (11)ρ = −cρ,

γ̄ (11)ψ ′
p = c′ψ ′

p, γ̄ (11)ρ ′ = −c′ρ ′, (7)

where c and c′ are arbitrary independent two sign factors, c2 =
c′ 2 = 1. Yet, a priori all the possible four different sign choices
are equivalent up to Pin(1,9) × Pin(9,1) rotations. That is to say,
N = 2 D = 10 SDFT is chiral with respect to both Pin(1,9) and
Pin(9,1), and the theory is unique. Hence, without loss of gener-
ality, we may safely set c ≡ c′ ≡ +1. Later we shall see that, while
the theory is unique the solutions are twofold and can be identi-
fied as type IIA or IIB supergravity backgrounds.

We also have N = 2 supersymmetry parameters, ε, ε′ , which
carry the same chirality as the gravitinos, such that γ (11)ε = cε,
γ̄ (11)ε′ = c′ε′ .

Lastly for the R–R sector, we set the R–R potential, Cα
ᾱ , to be in

the bi-fundamental spinorial representation of Pin(1,9)×Pin(9,1)
[26,27,37] rather than an O(10,10) spinorial one [28,29]. It pos-
sesses the chirality,

γ (11)Cγ̄ (11) = cc′C. (8)

3. Derivatives

Another essential ingredient is so-called master semi-covariant
derivative from [35],

DA = ∂A + ΓA + ΦA + Φ̄A, (9)

which contains generically three kinds of connections: ΓA for the
DFT-diffeomorphism or the generalized Lie derivative (2), ΦA for
Spin(1,9) and Φ̄A for Spin(9,1) local Lorentz symmetries. Con-
tracted with the projections (6) or the DFT-vielbeins properly, it
can produce various fully covariant derivatives, and hence the
name, ‘semi-covariant’ [34,35,37].

By definition, the master derivative (9) is required to be com-
patible with all the constants in Table 1 (“metrics” and gamma
matrices), and further to annihilate the whole NS–NS sector,

DAd = 0, DAV Bp = 0, DA V̄ A p̄ = 0. (10)

The connections are then related to each other through

ΦApq = V B
p∇AV Bq, Φ̄Ap̄q̄ = V̄ B

p̄∇A V̄ Bq̄,

ΓABC = V B
pDAVCp + V̄ B

p̄ D A V̄ C p̄, (11)

where we put ∇A = ∂A + ΓA and DA = ∂A + ΦA + Φ̄A .
Especially, as the DFT analogy of the Riemannian–Christoffel

connection, the torsionless connection, Γ 0
A , can be uniquely singled

out [34,37] (cf. [38]):

Γ 0
C AB = 2(P∂C P P̄ )[AB] + 2

(
P̄ [A D P̄ B]E − P [A D P B]E

)
∂D P EC

− 4
9

(
P̄ C[A P̄ B]D + PC[A P B]D

)(
∂Dd +

(
P∂ E P P̄

)
[ED]

)
,

(12)

such that a generic torsionful DFT-diffeomorphism connection as-
sumes the following general form:

Spin(1, D�1)L ⇥ Spin(D�1, 1)R chiralities:

�(D+1) p̄ = c p̄ , �(D+1)⇢ = �c ⇢ ,

�̄(D+1) 0
p = c0 0

p , �̄(D+1)⇢0 = �c0⇢0 ,

�(D+1)C�̄(D+1) = cc0 C .

A priori all the possible four different sign choices are equivalent up to
Pin(1, D�1)L ⇥ Pin(D�1, 1)R rotations.

That is to say, N = 2 D = 10 SDFT is chiral with respect to both Pin(1, D�1)L and
Pin(D�1, 1)R , and the theory is unique, unlike IIA/IIB SUGRAs.

Hence, without loss of generality, we may safely set

c ⌘ c0 ⌘ +1 .

Later we shall see that, while the theory is unique the solutions are twofold and can be
identified as type IIA or IIB supergravity backgrounds.
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