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#gauge groups - #chiral matter fields + #superpotential terms =0



bipartite periodic graph on the 2-torus

W = ¢1¢aps — d1r3h

4d SYM is represented
by a hexagonal tiling

o0
Hilbert Series (mesonic) NSV M Z[n, 0]t"
n=0

Hanany, Kennaway 2005



(C3 faces represent U(N) gauge groups
° 1 °
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W = ¢10203 — P10302
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Hilbert Series (mesonic) NSV M Z[n, 0]t"
n=0
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W = ¢1¢as — 13
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W = ¢1¢03 — 13
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W = ¢1dath3— 1365

o0
Hilbert Series (mesonic) NSV M Z[n, 0]t"
n=0

Hanany, Kennaway 2005
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Benvenuti, Feng, Hanany, He 2007
Hanany, Kennaway 2005

W = ¢1¢aps — d1r3h

R

SU(3)x u(1) the mesonic Hilbert

oo \ / series is a partition

Hilbert Series (mesonic) NSV M Z[n, 0]¢t" function of mesonic
n=0 GIOs



3 by relabelling faces, 2
C / 22 one obtains Abelian orbifolds
()

Davey, Hanany,
Seong 2010

Hanany, Orlando,
Reffert 2010

PTG oD

W = Xo101X12 + Y1202 Yo1
—X12002X01 — Y2101 Y12

. mesy __ 1 G 2n
g(X,',t,./\/l ) — E;'Qﬂ,o:lt



3 by relabelling faces, 2
C one obtains Abelian orbifolds
()

Davey, Hanany,
Seong 2010

Hanany, Orlando,
Reffert 2010

W = X3101X13 + X1202Xo1 + Xo3¢93X32
—X13¢93X31 — X211 X12 — X3202X23

1+ t°+ t*

eEM™) =1 na oy




3 by relabelling faces,
C one obtains Abelian orbifolds
()

W = X13X32X01 + Y13 X32 Yo1 + Z£13232 251
— Y1213 X30 — Xo1 Y13432 — £21.X13 Y32

g(t; M™) = "[3n,0]>"
n=0




W = X14 Xa3X31 + X13X32X01 + Xap Xo3X34 + Xo4X41 X120
—X13X33 Xa1 — X31 X12X03 — X0a X43 X320 — X420 X01 X124

e

g(t; MM) = Z[3n,0]t3”

n=0



Feng, Franco,
Hanany, He 2002

W = X124 X43X31 + X13X32X01 + Xap Xo3X34 + Xo4X41 X12
—X13X33 X41 — X31 X12X03 — X0a Xg3 X320 — X420 X01 X124

g(t; M™) = 2[3 n, 0] $30 removing an edge corre;sponds to giving a
o VEV to a quiver field



Feng, Franco,
Hanany, He 2002

W = X124 X43X31 + X13X32X01 + Xap Xo3X34 + Xo4X41 X12
—X13X33 X41 — X31 X12X03 — X0a Xg3 X320 — X420 X01 X124

g(t; M) = 2[3 n, 0]¢3" the adjacent gauge groups combine to a
n=0 single gauge group



Feng, Franco,
Hanany, He 2002

W = Y13X31 + X13X30X01 + Y12 X03 Y31 + Y210 X712
—X13 Y310 — X31 X12X03 — Y21 Y13 X320 — Y12.X01

e

g(t; MM) = Z[3n, 0]t>"

n=0



Feng, Franco,
Hanany, He 2002

W = Yi3X31 + X13X30X01 + Y12 X03 Y31 + Y210 X712
—X13 Y310 — X31 X12X03 — Y21 Y13 X30— Y12.X01

©. @)
g(t: M™) = 2[3 n, 0] $30 2-valent nodes cgrrespohd to quadratic
o mass terms which are integrated out



Feng, Franco,
Hanany, He 2002

W = Yi3X31 + X13X32X23 Y31 + Yo190X12
—X13 Y310 — X31 X12 X3 — Y21 Y13 X532

©. @)
g(t; M™) = 2[3 n, 0] $30 2-valent nodes c?rrespohd to quadratic
0 mass terms which are integrated out



S PP suspended pinch point theory
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mes\ __ 1-— t6
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W = X13X32X23 Y31 + Y210X12
—X13 Y319 — X120X23X32 Y21
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we can Higgs another bifundamental field

mes\ __ 1-— t6
et M™) = A ppa - oy
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W = X13X30X23Y31 + Y210
—X13 Y310 — X23X32 Y21

mes\ __ 1-— t6
et M™) = A ppa - oy

we can Higgs another bifundamental field




/O ®
1

1! S0—C

W = Xi13X31 Y13 Y31+0201
—X13 Y3101 — Y13 X310

we can Higgs another bifundamental field

mes\ __ 1-— t6
et M™) = A ppa - oy




Conifold C

W = X13X31 Y13 Y31
—X13 Y31 Y13 X31

o

g(t; M™*) = 3 (][]

n=0



Conifold C
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W = X13X31 Y13 Y31
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M mes

Z[n][n] t*"

Klebanov,Witten 1998

Q=0

the conifold theory has a square brane tiling
with valence 4 nodes



Orbifolding C/ZQ ) FO
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W = Yi13X30X04 Ya1 + Y24 X41X13 Y32
—X13X32 Y24 Y41 — X0aXa1 Y13 Y32

g(t: M™) = 2[2 n][2n] $4n Abelian orbifol.ding of the conifold gives the
—o zeroth Hirzebruch surface model
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W = Y13X32X04 Ya1 + YoaXa1X13 Y32
—X13X32 Y24 Y21 — XoaXa1 Y13 Y32

0 a local mutation of a square face of the tiling
g(t; M%) = Z[Qn] [2n]t*" leaves the mesonic moduli space invariant
n=0 - Toric (Seiberg) duality



Beasley, Plesser 2001

Feng, Hanany, He,
Uranga 2001

W = — Y31 Yia Myzs—X31 X1a M5 + X350 X0 My3 + Y3o Yoq M5
+X31 Y1aMyz+ Y31 X1aMys — X32 Yoa Myz — Y3 Xo04 M5
a local mutation of a square face of the tiling

g(t; M%) = Z[Qn] [2n]t*" leaves the mesonic moduli space invariant
n=0 - Toric (Seiberg) duality



Beasley, Plesser 2001

Feng, Hanany, He,
Uranga 2001

W = — Y31 YiaMyz — X31 X1a M3 + X320 X4 Maz + Y3p Yoa M5
+X31 Y1aMyz + Y31 X14 M3 — X350 Yoqu Mz — Yz Xo4 M5
a local mutation of a square face of the tiling

g(t; M™) = Z[Qn] [2n]¢*" leaves the mesonic moduli space invariant
n=0 - Toric (Seiberg) duality



Feng, He, Kennaway, H
Vafa 2008
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Seong 2012

W = — Y31 YiaMyz — X31 X1a M3 + X320 X4 Maz + Y3p Yoa M5
+X31 Y1aMas 4+ Y31 X1aMys — X320 Yoa Myz — Y32 X04 M5

g(t; M™) = Z[Q n][2n]t*" the brane tiling exhibits closed paths on the 2-
=0 torus known as zig-zag paths



Feng, He, Kennaway,
Vafa 2008

Hanany,

Seong 2012

W = — Y31 YisMyz — X31 X1a M3 + X320 X0a Maz + Y30 Yoa M5
+X31 Y1aMyz + Y31 X14 M3 — X350 Yoqu Mz — V30 Xoa M5

g(t; M™es) = 2[2 n|[2n]t*" zig-zag paths intersect in tiling edges
=0 corresponding to quiver fields



Specular Duality (untwisting) Feng, He, Kennaway,
Vafa 2008
Hanany,
Seong 2012

W = — Y31 YisMyz — X31 X1a M3 + X320 X0a Maz + Y30 Yoa M5
+X31 Y1aMyz + Y31 X14 M3 — X350 Yoqu Mz — V30 Xoa M5

0 by a mutation known as the untwisting map,
g(t; MM) = Z[2n] [2n]t*" the zig-zag paths can be mapped to faces of
n=0 a new brane tiling




D zig-zag paths
become gauge

groups

W = X5 Yoz X351 4 Xo3 Y34 X420 + X34 Ya1 X13 + Xa1 V10 Xoa
—X31 V10 X3 — Xa2 Y3 X34 — X13 Y34 X491 — Xoa Ya1

g(t;MmeS) _ Z([2n1]t3n1+2n2 4+ [2”1 i 4n2 + 4]t3n1+4n2+4)

nj=0 Hanany, Seong 2012



W = Xi12Ya3X31 + X23 Y34 X420 + X34 Ya1 X13 + Xa1 Y12X04

—X31 Y12X03 — Xa2 Y23 X34 — X13 Y34 Xa1 — Xoa Y41 X102

g(t;MmeS) _ Z([2n1]t3n1+2n2 4+ [2n1 i 4n2 + 4]t3n1+4n2+4)

nj=0 Hanany, Seong 2012



Specular Duality (untwisting)

g(t; MmeS) _ 2[2'7] [2n] t4n the mesonic g(t; MmeS) _ Z([znl]t3n1+2n2
—o moduli spaces o
are different (201 + 4ny + 4]¢3mtante

the spectrum of both mesonic b 00 :
and baryonic GIOs (master g(t; F*) =Y [m + ma][n2 + n][ny + na]tm T2
space) is the same — n;=0

SPeCUIGr duality Forcella, Hanany, He, Zaffaroni 2008 | Hanany, Seong 2012



Brane Tiling Cycle

Orbifolding and Higgsing generates an infinite class of
brane tilings
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Brane Tilings for Reflexive Polygons 1
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diagrams of 30 brane tilings
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Brane Tilings on a genus 2 Riemann surface specular dudlity can be used to

generate brane tilings on higher
genus Riemann surfaces

2
030’1'42 2 4" 506.4 Cremonesi, Hanany, Seong 2013
3‘10'2 e i

d b4.28



Brane Tilings on a genus 2 Riemann surface specular dudlity can be used to

generate brane tilings on higher
p-@:0ieq genus Riemann surfaces
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Brane Tilings on a genus 2 Riemann surface

an unexplored class of supersymmetric
brane tilings on Riemann surfaces

quiver gauge theories is represented by
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Brane Tilings on Riemann surfaces with boundaries

boundary external (flavored)

R

internal (gauged)

i F , Galloni, S 2012
specular dudlity can be used to generate brane
tilings on higher genus Riemann surfaces Yamazaki, Xie 2012
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Open Questions & Future Directions

CFT &
Quantum Integrable Systems? brane construction?

N

puncturing Brane
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> Tiling
< 5 and
specular sewing bon dan-
duality oundaries

triangulation of Riemann
surfaces:
‘L SW curves 4d N=2 & BPS v

Quivers!? o N
non-Abelian theories? leading singularities
' N=4 SYM

scattering amplitudes
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