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Superpotential	


superconformal	



#gauge groups - #chiral matter fields + #superpotential terms = 0	
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series is a partition 
function of mesonic 

GIOs	
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by relabelling faces, 	


one obtains Abelian orbifolds 	
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removing an edge corresponds to giving a 
VEV to a quiver field	
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the adjacent gauge groups combine to a 
single gauge group	
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2-valent nodes correspond to quadratic 
mass terms which are integrated out	
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we can Higgs another bifundamental field	
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the conifold theory has a square brane tiling 
with valence 4 nodes	
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Abelian orbifolding of the conifold gives the 
zeroth Hirzebruch surface model	
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a local mutation of a square face of the tiling 
leaves the mesonic moduli space invariant	



- Toric (Seiberg) duality	
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a local mutation of a square face of the tiling 
leaves the mesonic moduli space invariant	



- Toric (Seiberg) duality	
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Uranga 2001	
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the brane tiling exhibits closed paths on the 2-
torus known as zig-zag paths	
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zig-zag paths intersect in tiling edges 
corresponding to quiver fields	
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by a mutation known as the untwisting map, 
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the spectrum of both mesonic 
and baryonic GIOs (master 

space) is the same – 	


specular duality	
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Brane	
  Tilings	
  for	
  Reflexive	
  Polygons	
  	
  

16 reflexive polygons can 
be identified as toric 

diagrams of 30 brane tilings	

 Hanany, Seong 2012	
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specular duality can be used to 
generate brane tilings on higher 

genus Riemann surfaces	
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generate brane tilings on higher 

genus Riemann surfaces	



Cremonesi, Hanany, Seong 2013	





Brane	
  Tilings	
  on	
  a	
  genus	
  2	
  Riemann	
  surface	
  

5.2

6.2a 6.2c6.2b

7.2 7.4

8.2a 8.2b

8.4a 8.4b 8.4c 8.4d

8.4e 8.4f 8.4g

5.
2

6.
2

7.
2

7.
4

8.
2

8.
4

1

1

1

1
1

1

1

1

1
1

1

1

1

1

1

111
1

1

1

1

1

1

1

1 1 1
1

1

1

5

4

3
2

1

5

4

3
2

1

1

2

3

5

1
2

4
513

4
5

2

3

4

1

2

3

5

1
2

4
5 1 3

4
5

2

3

4

5 4321543
1
5432154

2
154321

4
32154325

432154
31
54321

53
215432

14
321543

25
43215

42
1543

21
53215

432
1432

15
4
3154

32
15
4
215

43
21
5
321

54
3
2
543

21
54
3
1

54
32
15

4
2

15
43
2 1

4
32
15
43 25

43
21
54 31

543
21 53

2154
32

1 4
321543

2 5
43215

4 2
154321

53
215432

14 32154
31 543215

4
2 154321

5
3 21543
2

1

1

1

2

1

1

2

2

2

2

1
22

2

2

1

2

2

2

1
2 2

2

2

1

6

5

4

6

5

1

4

2

3

1

6
1

23

2
3

1

5

1

2

3

4

6
4

2 3

2
3

4

5

3
2
1

3

1

3
2

4
2

4
32

6

54
5

4
65

3
24

34
32

12
1

313
2

4
24

3

2
6

5
4

6
4

6

5

3
2
4
3

4

3
2

1
2

1
3 2

6

5 1
5

1
6 5

3
2 1

3 1
3 2

4 2
4
3 4 3

2

1
2 1

3

2
6

5
1

6
1

6

5

1

2

2

2

2

2

2

1

2

1

1
21

1

2

1

1

2

1

1
2 1

1

2

1

6

5

4

3

2

1

3

4

1

2

6
1

23

1
2

5

6

4

5

6

1

5
6

3 4

2
3

4

5

2
1
6

5

3

6
5

2
6

5
43

1

43
5

4
32

4
36

51
65

46
5

265
4

3
14

3

6
4

3
2

1
5

2

1

3
2
1
6

2

1
4

3
5

4
3 2

4

3 6
4

3
2 1

5
2 1

4 2
1 6

5 3
6
5 1 6

5

4
6 5

2

1
3

2
1

6
2

1

4

1

2

2

2

2

2

2

1

2

1

1
21

1

2

1

1

2

1

1
2 1

1

2

1

6

5

4

3

2

1

1

2

3

4

6
1

23

5
6

1

2

4

5

6

1

3
4

5 6

2
3

4

5

6
5
4

3

1

6
5

4
2

1
65

3

21
5

4
32

6
54

31
65

42
1

643
2

1
54

3

2
6

5
4

3
1

6

5

3
2
1
6

4

3
2

1
5

4
3 2

6

5 4
2

1
6 5

3
2 1

6 4
3 2

1 5
4
3 1 6

5

4
2 1

6

5
3

2
1

6
4

3

2

1

2

2

2

3

3

3

3
1

1
3

3

3

1

2

3

3

3
3

2

1

7

6

5

1

4

2

3

1
5

71
2

3

4

6

7

4

2

3

2 3

4

5

6

3

2

1

3

1

3

2
4

2

4

32
7

64
653

24
3

43
2

1

2
1

3

2

7

5

1

6

5

3

2

1

3

1

3

2
4

2

4 3 4
3 2

1
2 1

3

2

7

6

1

7

5

1

1

1

1

1
1

1

1

1

1

1

1
1

1

1

1

1

1
1

1

1

1
1

7

1

4

3
2

6

5

7

6

4

3
2

1

5

5

2

3

6

2

4
13

4

7

1

5

2

3

1

2

4
6 3

4

7

6

7 14
3
26576
43

6
5764
3215714

2
1571
43265

75

76
432157

1
4

31
57
1
4326

57
6

3

26
5764321

5

75

71432
65
76

426
576432

1
57
13

2
1
57143

2
6

51
43

2
65
764

3
2
432

65
76

4
3
2

1
764

3
21
57
1
4 3

1
57
14
32
657
6 4

2
657
6
43
2 15

75

71
43
2 657

6
4

3 6
57
6
432 157

1
3

2 157
14
3265

7 5

76
4321571

4 2
1
571

432
6
57
6 3

2
6
576 432

1

5 6
432
1571 43
2
4 32

15714
3
2

6

1

2

2

2

4

3

4

3

4
1

14
3

4

3

1

2

3

4
3

3 4
3

2

1

8

7

6

1

5

2

3

4

1
6

81
2

3

4

5

7

8

5

2

3
4

2 3
4

5

6

7

4

3

1

4

2

5

3

2

8
75

764
3

5
4

2

1

3

2

8

6

1

7

6

4

3

1

4

2
5 3

5 4 2
1

3
2

8

7

1

8

6

1

2

4

2

4

3

4

1

2
3

32
1

4

3

3

4

1

2
3

3 2
1

4

3

8

5

4

1

3

6

1

4

7
2

67
8

1

2

3

7

2

5

8

3
6

2 3
4

5

6

7

2

7

5

2

8

5

3

8

6
31

324
3

5
4

6

5

7

6

8

6

3

1

6

4

1

7

4

2
7 5

7 6 8
7

1
8

2

1

3

2

4

1

1

1

11

1

2

2

1

1

2

21

1

1

2

2
1

1

8

7

68

7

5

4
6

6

4

5

8

45

7
6

8

6

4

1

2
3

5

7
8

7

8
7
6
8
7
5

3
2
1
3
21

4
6

8
76

7

6
8

753

2132
1

46876

86
875

4

875
4

6
75

4
6
8

7
8

7
6
8
7
5

3
2
1
3 2

3

2
1

5
4

3
1

5
4 3 2

1 2

1 3 2
1

4 6 8 7 6

8 6
8 7 5

4

6
7

5
4
6

8
5

4
6
8

7

1

2

1
2

2

1
2

2

2

22

2

2

2 2

7

2
1

3

2
8

4

5

8

3

4
5

6

4

5

1

7

4
5

6

3
6
8
5

4
76

1

4

76
1

5

43
6

7

2
16

8
5

476
15

76
1

54
3
6

843
685

4

7
85

4

7
6

1

5

7
6

1
5

4
3 6

8

4

3 6
8

5

4 7
6

3

2
8 6

1
5

4 3 6
8 5

3 6
8

5 4
7
6
1 4 7

6 1 5
4

3
1 5

4

3
6
8

5

1

2

2
1

2

2
1

2

2

2

2

8

7

6

1

5

6

2

3

4

8

5

2

3

4

1

7

1
5
4

3

2
8
7

4

2

8
7

4

3
215

3

215
43

2
76

143

2

8
7

4

3

8
7

4

3

2
1
5

4

2

1
5

4

3
2 8 7

3

2 8 7
4 3

2
5 6

8 4 3

2

1
5

4

3

1

1

1

2

1

1

2

2

2

1
2

2

1

2

2

1
2

2

1

4

3

2

4

3

5

2

7

5

4

5
1

75

3

5

1

2

4

2
7

1 2

3

1
6
8
1
5

768
6

8
7
2

16
8

1

4

3
2

3

2
437

68
7

2
1
6

86

8
1

5
7
6

86

872
1
68

143

2

4

2

4

3

7
6
8

7
2
1 6

8
6

8
1
5
7 6
8
7

4

3
5

3

5
4 3 1

68
1
5
7
6

8 6

8
7
2
1
6

8 6

8 1
5
7
68
7 4 3

5

4

5

4

3

1

2

1

22

2

2 1

2

2

1

21

1

1

1

2

1 2

8

1

54

3

2
1

6

6

2

3

4

7
2

3

5

1

2

4

5

7

3
4 5

8

7

8
1
5

4

3

7
68
7
5

4

2
168

1
5

3

276
86

87
54316815

4
27

68
7

4
3

2
1
6
8
681

5

4

3

7
68
7

5

3

2
16
8
1

4

3
2
7 6 8

6
8
7
5 4

2
1 68

1 5 3 2 7 68 7 4 3
2
1

6 7 5
4
3

2

5
4
3
2

7

1

2

2

2

2

1

2

2

1

7

3

2

8

8

2

45

1

3
7

6

7

3

1

5

4

6
8

7
6

156

876
15432

1
43

2
1

5
4

6
8
7

6

5

4

6
8
7

6

1

5

4

2
8

6

1
5

4 3 2 1 5

4
1 5

4

3

2

1

5

4

6

1

2

2

22

2

2

2 2

1

1

1

1

1

1

1

1

8

7

62

1

4

3 5

2

6

8

5

78

3

4

5

3

1

2

4 1

6

7

1
4
3
5
8

7

5

1
4
32

7

6
2

1
43

1

4
32

86

2143

57
65

1

4
58

7
6

2

1
32

8
7

6

8
7
6
2
1

4

2

8
7
6 5

4

3
5
8
7 6

8

7
6 5

1 3

5 8 7 6

2 4
3 2

8

7
2 1

4
3
5

8
6 5

1
4

3

8.4h

1

2

2

22

2

2

2 2

1

1

1

1

1

1

1

1

8

4

37

6

2

1 5

2

6

1

2

51

8

5

4

8

3

4

7 3

6

7

1
5
8
4
3

7

5

3
2
87

5

8
4

3
76

8

7
14

68

4376

24
65

3

2
43

7
6

2

1
32

8
7

1

3
7
6
2
1

5

7

1
4
6 5

7

6
2
1
5 8

6

5
3 2

8 6

2 1 5 8

4 2
8 7

1

4
2 1

5
8
4

3
1 4

6
5

3

an unexplored class of supersymmetric 
quiver gauge theories is represented by 

brane tilings on Riemann surfaces	



Cremonesi, Hanany, Seong 2013	
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specular duality can be used to generate brane 
tilings on higher genus Riemann surfaces	
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